ABSTRACT. We establish a finiteness property of the quantum K-ring of the complete flag manifold.
The main aim of this note is to prove a fundamental fact about the quantum K-ring of the complete flag manifold.
Theorem. The structure constants for (small) quantum multiplication of Schubert classes in QK T (F l r+1 ) are polynomials in the equivariant and Novikov variables.
This is proved as Theorem 7 below. A priori, quantum structure constants are power series in the Novikov variables; our theorem says that in fact, only finitely many degrees appear. This property is sometimes referred to as finiteness of the quantum product.
Finiteness is known for Grassmannians, and more generally for cominuscule homogeneous spaces [1] . On the other hand, there are conjectural ring presentations for QK T (F l r+1 ) which presume finiteness and which also include a precise connection with the K-homology of the affine Grassmannian [7, 10, 11, 13] .
The proof of finiteness for cominuscule spaces relies on an understanding of the geometry of the moduli space of stable maps; in particular, certain subvarieties of the moduli space are shown to be rational [2] . Our proof, by contrast, is based on the reconstruction methods of Iritani-Milanov-Tonita (who also carried out computations for F l 3 ) [8] ; the argument consists of an analysis of the K-theoretic J-function.
Flag varieties. Let r ≥ 1 be an integer. Let F l r+1 be the variety of complete flags in C r+1 . Let P 1 , . . . , P r be the pull-backs via the Plücker embedding
of the line bundles O(−1) on the projective space factors. Equivalently, if
F l is the tautological flag of bundles on F l r+1 , then P i = i S i . 
Let Λ 1 , . . . , Λ r+1 be characters of the torus T := (C * ) r+1 for the standard action on C r+1 , inducing an action on F l r+1 . The T -equivariant K-ring of F l r+1 has the following well-known presentation:
.
Here
..,r+1} i∈I
(setting P 0 and P r+1 equal to 1) and e k is the k-th elementary symmetric polynomial in r + 1 variables. (See, e.g., [9, Chapter IV, Section 3].)
Toda systems. For k ≥ 1, the q-difference Toda Hamiltonian is defined by
As an example,
The above presentation is taken from [10, Section 5.2] . To obtain the q-difference Toda operators, as in [5, Section 0], we make the substitutions
and identify e t i −t i+1 with the Novikov variable Q i for i = 1, . . . , r. Thus
Note that
We use the variables t 1 , . . . , t r+1 while t 0 , . . . , t r are used in [5] .
Thus the Toda Hamiltonian is written in terms of q-shift operators q Q i ∂ Q i which act on power series by
Similarly, the negative q-shift operator q −Q i ∂ Q i acts by replacing the variable Q i with
It is proven in [5] that the K-theoretic J-function of F l r+1 is an eigenfunction of the q-difference Toda system. More precisely, write J(Q, q) for the K-theoretic J-function of F l r+1 , as defined in [5, Section 2.2]. Then we have
where
Relations. The (small) quantum K-ring of F l r+1 is additively defined to be
and is equipped with a quantum product ⋆, deforming the tensor product on
The structure constants of ⋆ are defined in a rather involved way using K-theoretic Gromov-Witten invariants of F l r+1 . See [3] and [12] for details.
Theorem 1 yields relations in the small T -equivariant quantum K-ring of F l r+1 as follows. The theorem gives q-difference equations satisfied by P log Q/ log q J(Q, q). The operators H q−Toda k (q ∂t i , e t i ) contain negative q-shift operators q −Q i ∂ Q i , but the difference equations in Theorem 1 are equivalent to the difference equations
which do not contain negative q-shift operators.
In [8, §2] , certain operators A i,com are defined, acting as endomorphisms of the
. By [8, Proposition 2.6 and Corollary 2.9], these operators commute with one another and act as quantum multiplication by the class A i,com 1,
is the identity element of the ring. If one replaces each q Q i ∂ Q i by A i,com , the difference equations become relations i,com to the above relation, we find
In view of [8, Proposition 2.10], we have
Modulo Q i , therefore, (5) produces a complete set of relations of K T (F l r+1 ), as one sees by comparing with (1) . It follows that the relations (5) define the ring QK T (F l r+1 ).
The D q -module. SetJ := P log Q/ log q J. The D q -module structure established in [6] and elaborated in [8] 
where on the right-hand side we have a finite sum with
. HereT = P log Q/ log q T , and T is the fundamental solution considered in [8, Section 2.4]. The right-hand side can be computed from the leading terms in q → ∞ limit of the left-hand side f (Q, q Q i ∂ Q i )(1 − q)J, namely the coefficients of q ≥0 . Furthermore, this implies the following equation in QK T (F l r+1 ):
See the proof of [8, Lemma 3.3] . Now let us write the J-function as a series 
Here by convention we set
For a class Φ ∈ K T (F l r+1 ), we expand the fundamental solution by writing
. From the definition of T , the coefficient T d,Φ encodes two-point GromovWitten invariants with one descendant insertion. This is a rational function in q, vanishing at q = +∞; more precisely, as q → +∞, we have the asymptotics
2 Our notation agrees with that of [5] , but differs slightly from [8] , where P i and P
Proof. Coefficients of T (Φ) are obtained by C * -equivariant localization on the graph space with one marked point, M 0,1 (F l r+1 × P 1 , (d, 1) ).
Consider the maps
See The varieties M 0,1 (F l r+1 × P 1 , (d, 1)) and HQ d × P 1 are smooth stacks of expected dimension dim F l r+1 +2d 1 +· · ·+2d r +1, so their virtual structure sheaves coincide with their structure sheaves. Coefficients of T (Φ) are therefore obtained by
Also, µ × ev andλ are birational onto their common image, which has rational singularities. The operator A i,com . By studying the action of q-shift operators on the J-function, we can identify the operator A i,com ∈ End(QK T (F l r+1 ) ).
Lemma 4. The operator A i,com is the operator of (small) quantum product by
Proof. By [8, Proposition 2.10], A i,com is the operator of (small) quantum product by
, so it suffices to show that A i,com 1 = P i . To this end we consider
Its q ≥0 coefficients can come from two places:
(1) d = 0: in this case the factor P log Q/ log q ofJ contributes P i . (2) d = 0: if such d exists, the effect of the difference operator q
For this term to contribute to the q ≥0 coefficient, we must have
The last term is non-positive because d j ≥ 0 for all j. And it is equal to 0 if and only if d j = 0 for j = i and d j − d j−1 = 0 for all j. This implies
, which is not the case.
Thus we find
and hence A i,com 1 = P i .
Remark. The same argument shows that for distinct i 1 , . . . , i l ∈ {1, . . . , r}, we have
and hence
That is, for these elements, the quantum and classical product are the same.
Finiteness. The main ingredient in our theorem is a finiteness statement for products of the line bundle classes P i .
Proposition 5. The (small) quantum product
Proof. Again we consider the q ≥0 coefficients of
term ofJ gives l k=1 P i k . For a d = 0 term ofJ to contribute to the q ≥0 coefficient, we must have
is a polynomial in the P i 's. We need to show that there are only finitely many such terms.
The quadratic form r+1 i=1
r is positive definite. Indeed it is nonnegative because it is a sum of squares. Also, if r+1 i=1
are ellipsoids. It follows that the set
is a bounded subset of R r , so it can contain at most finitely many
The (finitely many) q ≥0 terms of l k=1 q Q i k ∂ Q i k (1 − q)J can be ordered according to the exponents of q. We then use terms
to inductively remove these q ≥0 terms.
By Lemma 3, q n Q dT (Φ) has only finitely many q ≥0 terms, so the inductive process ends after finitely many steps. This means we can find a finite sum
vanishes at q = +∞. The Proposition then follows from the fact that the expression of (6) equals zero, which is proved in Lemma 6 below. (6) above, we have
Lemma 6. With notation as in
Proof. We argue as in the proof of [8, Lemma 3.3] . Write
Expand M as a series in Q, we get
Then we get M 0 = 0. M d has poles only at q =roots of unity, M d is regular at both q = 0 and q = +∞ and vanishes at q = +∞. 
By [8, Remark 2.11], we can write
Theorem 7. The structure constants of QK T (F l r+1 ) with respect to the basis {Φ w } are polynomials: they lie in the subring
Proof. It is a basic fact that K T (F l r+1 ) is generated by P 1 , . . . , P r+1 as an R(T )-algebra; that is, there is a surjective homomorphism
In particular, each basis element σ w can be written as a polynomial in P i 's with coefficients in R(T ). as a polynomial in P i with coefficients in R(T ). For each i, one can find monomials ω ij in the variables Λ ± so that
and re-arranging this equation produces the desired expression. Alternatively, one can use the equivariant Riemann-Roch isomorphism together with the fact that the equivariant cohomology ring of F l r+1 is generated by divisor classes.)
The assignment P i 1 P i 2 · · · P i k → P i 1 ⋆ P i 2 ⋆ · · · ⋆ P i k defines a ring homomorphism corresponds to the natural embedding of modules
Since each basis element σ w is a polynomial in Λ ± and P . it follows that each basis element Φ w = σ w ⊗ 1 can be represented as a polynomial G w = G w (Λ ± , P, Q) in R(T )[P 1 , . . . , P r ; Q 1 , . . . , Q r ]. The product of basis elements Φ u ⋆ Φ v is represented by G u G v , and by Proposition 5, this product is a finite linear combination of classes in K T (F l r+1 ) with coefficients in C[Q 1 , . . . , Q r ].
